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a b s t r a c t
In this paper, the Exp-function method is used to construct solitary and periodic
solutions of nonlinear partial differential equations.We choose an example,which includes
Kadomstev–Petviashvili equation and potantial-YTSF equation, to illustrate the method.
The method is straightforward and concise, and its applications are promising. The Exp-
function method presents a wider applicability for handling nonlinear wave equations.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
The investigation of the travelling wave solutions for nonlinear evolution equations (NEEs) plays an important role in
the study of nonlinear physical phenomena. Nonlinear wave phenomena appears in various scientific and engineering
fields, such as fluid mechanics, plasma physics, optical fibers, biology, solid state physics, chemical kinematics, chemical
physics and geochemistry. Analytical study of NEEs has been of great interest for decades. Nonlinear wave phenomena of
dispersion, dissipation, diffusion, reaction and convection are very important in nonlinear wave equations [1]. In recent
years, new exact solutions may help to find new phenomena. A variety of powerfull methods, such as the tanh-sech
method [2–4], extended tanh method [5–7], sine-cosine method [8–10], homogeneous balance method [11,12], Jacobi
elliptic function method [13–16], Exp-function method [17,18], F-expansion method [19–21], homotopy perturbation
method [22,23], variational iteration method [24,25] and non-perturbative method [26] were used to develop nonlinear
dispersive and dissipative problems.
(3+ 1)-dimensional Kadomstev–Petviashvili equation (KP)
uxt − 6u2x + 6uuxx − uxxxx − uyy − uzz = 0. (1.1)
Xie et al. [27] obtained non-travelling wave solutions by the improved tanh function method, in which they introduced
a generalized Riccati equation and gained its 27 new solutions. A generalized variable-coefficient algebraic method with
computerized symbolic computation is developed to dealwith the (3+1)-dimensional KP equationwith variable coefficients
in [28]. Chen et al. [29] study (3+1)-dimensional KP equation by using the new generalized transformation in homogeneous
balance method.
(3+ 1)-dimensional potential-YTSF equation
−4uxt + uxxxz + 4uxuxz + 2uxxuz + 3uyy = 0. (1.2)
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Yan has found an auto-Backlund transformation of the new (3+ 1)-dimensional potential-YYSF equation. By using this
transformation and someansatze, he has arrived at some families of exact soliton-like solutions and rational solutions in [41].
Song and Zhang [30] can be demonstrated on the (3+1)-dimensional potential-YTSF equation andwe construct successfully
its new styles of solutions. The generalized projective Riccati equationmethod is extended to construct some non-travelling
wave solutions to a (3+ 1)-dimensional potential-YTSF equation and a simplified model for reacting mixtures in [31].
Our first objective in the present work is to implement the Exp-functionmethod to stress its power in handling nonlinear
equations, so that one can apply it to models of various types of nonlinearity. The next goal is to determine the exact
travellingwave solutions for the nonlinear partial differential equations. Searching for exact solutions of nonlinear problems
has attracted a considerable amount of research work where computer symbolic systems facilitate the computational work.
2. The Exp-function method
The exp-function method was first proposed by He and Wu in 2006 [17] and systematically studied in [18,32] and
was successfully applied to a KdV equation with variable coefficients [33], to high-dimensional nonlinear evolution
equations [34], to Burgers and combine KdV–mKdV (extended KdV) equations [35], to nonlinear evolution equations
with variable coefficients [36], to difference–differential equations [37,38], to a class of nonlinear partial differential
equations [39] and to Boussinesq equation [40] etc. We consider a general nonlinear PDE in the form
P(u, ut, ux, uy, uz, uxx, uyy, uzz, utt, . . .) = 0. (2.1)
Using a transformation
u(x, y, z, t) = u(ξ), ξ = kx+ ly+ mz+ wt, (2.2)
where k, l,m and w are constants, we can rewrite Eq. (2.1) in the following nonlinear ODE:
Q(u, u′, u′′, u′′′, . . .) = 0, (2.3)
where the prime denotes the derivation with respect to ξ.
According to Exp-function method, we assume that the solution can be expressed in the form [17]
u(ξ) = ac exp(cξ) + · · · + a−d exp(−dξ)
bp exp(pξ) + · · · + b−q exp(−qξ) , (2.4)
where c, d, p and q are positive integer which could be freely chosen, an and bm are unknown constants to be determined.
To determine the values of c and p, we balance the linear term of highest order in Eq. (2.3) with the highest order nonlinear
term. Similarly, to determine the values of d and q, we balance the linear term of lowest order in Eq. (2.3) with the lowest
order nonlinear term.
To show the efficiency of the method described in the previous part, we present some examples.
3. Application to the (3+ 1)-dimensional Kadomstev–Petviashvili equation
We begin first with the (3+ 1)-dimensional Kadomstev–Petviashvili Eq. (1.1). Making the transformation (2.2), Eq. (1.1)
becomes
(kw− l2 − m2)u′′ − 6k2(u′)2 + 6k2uu′′ − k4u′′′′ = 0. (3.1)
Using the ansatz (2.4), for the linear term of highest order u′′′′ with the highest order nonlinear term (u′)2. By simple
calculation, we have
u′′′′ = c1 exp[(15p+ c)ξ] + · · ·
c2 exp[16pξ] + · · · , (3.2)
and
(u′)2 = c3 exp[2(c+ 7p)ξ] + · · ·
c4 exp[16pξ] + · · · , (3.3)
where ci are determined coefficients only for simplicity. Balancing highest order of Exp-function in Eqs. (3.2) and (3.3) we
have
15p+ c = 2(c+ 7p), (3.4)
which leads to the result
p = c. (3.5)
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Similarly to determine values of d and q, we balance the linear term of lowest order in Eq. (3.1)
u′′′′ = · · · + d1 exp[−(15q+ d)ξ]· · · + d2 exp[−16qξ] , (3.6)
and
(u′)2 = · · · + d3 exp[−2(d+ 7q)ξ]· · · + d4 exp[−16qξ] , (3.7)
where di are determined coefficients only for simplicity. From (3.6) and (3.7), we obtain
−(3q+ d) = −(3d+ q), (3.8)
and this gives
q = d. (3.9)
For simplicity, we set p = c = 1 and q = d = 1, so Eq. (2.4) reduces to
u(ξ) = a1 exp(ξ) + a0 + a−1 exp(−ξ)
exp(ξ) + b0 + b−1 exp(−ξ) . (3.10)
Substituting Eq. (3.10) into Eq. (3.1), and by the help of Maple, equating to zero the coefficients of all powers of
exp(jξ), (j = −4,−3, . . . , 3, 4) yields a set of algebraic equations for a1, a0, a−1, b0, b−1, k and w. Solving this system of
algebraic equations by using Maple, we obtain the following results:
a−1 = 112b−1(8m
2 + 2l2 + m+ 2), b0 = 0, a0 = 0,
a1 = 112 (8m
2 + 2l2 + m− 22), k = −1
2
, w = −3
2
l2 + 1
4
m,
(3.11)
where b−1 is free parameter. Substituting these results into (3.10), we obtain the following exact solutions
u1(x, t)
=
1
12 (8m
2 + 2l2 + m− 22) exp(kx+ ly+ mz+ wt) + 112b−1(8m2 + 2l2 + m+ 2) exp(−(kx+ ly+ mz+ wt))
exp(kx+ ly+ mz+ wt) + b−1 exp(−(kx+ ly+ mz+ wt)) .
(3.12)
If we set b−1 = 1, k = − 12 , and w = − 32 l2 + 14m, Eq. (3.12) becomes
u2(x, t) = 8m2 + 2l2 + m− 10− 12 tanh
[
− x
2
+ ly+ mz+
(
−3
2
l2 + 1
4
m
)
t
]
, (3.13)
or
u3(x, t) = 8m2 + 2l2 + m− 10− 12i tan
[
− x
2
+ ly+ mz+
(
−3
2
l2 + 1
4
m
)
t
]
, (3.14)
which are soliton and periodic solutions of Kadomstev–Petviashvili equation.
We consider the case p = c = 2 and q = d = 1, Eq. (2.4) can be expressed as
u(ξ) = a2 exp(2ξ) + a1 exp(ξ) + a0 + a−1 exp(−ξ)
exp(2ξ) + b1 exp(ξ) + b0 + b−1 exp(−ξ) . (3.15)
By the same manipulation as illustrated above, we obtain
a0 = − 16k2 b1(m
2b1 − 6k2a1 − kwb1 + l2b1 + k4b1), a−1 = 0, b−1 = 0,
a2 = 16k2 (k
4 + l2 − kw+ m2), b0 = 0,
(3.16)
where a1 and b1 are free parameters. Substituting Eq. (3.16) into (3.15) yields the following solution
u(ξ) =
1
6k2 (k
4 + l2 − kw+ m2) exp(2ξ) + a1 exp(ξ) − 16k2 b1(m2b1 − 6k2a1 − kwb1 + l2b1 + k4b1)
exp(2ξ) + b1 exp(ξ) . (3.17)
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4. Application to the potential-YSTF equation
We next consider the potential-YSTF Eq. (1.2). Introducing a complex variation ξ defined as ξ = kx + ly + mz + wt, we
have
k3mu′′′ + 3k2m(u′)2 + (3l2 − 4kw)u′ = 0, (4.1)
where k, l,m,w are real parameters and the prime denotes the derivation with respect to ξ.
We suppose that the solution of Eq. (4.1), can be expressed as
u(x, t) = ac exp[c(kx+ wt)] + · · · + a−d exp[−d(kx+ wt)]
ap exp[p(kx+ wt)] + · · · + a−q exp[−q(kx+ wt)] . (4.2)
By the same procedure as illustrated in the Section 2, we can determine values of c and p by balancing (u′)2 and u′′′ in Eq.
(4.1)
u′′′ = c1 exp[(7p+ c)ξ] + · · ·
c2 exp[8pξ] + · · · , (4.3)
and
(u′)2 = c3 exp[(2c+ 6p)ξ] + · · ·
c4 exp[8pξ] + · · · . (4.4)
Balancing highest order of Exp-function in Eqs. (4.3) and (4.4) we have
7p+ c = 6p+ 2c, (4.5)
which leads to the result
p = c. (4.6)
By a similar derivation as illustrated in Section 2, we obtain
q = d. (4.7)
For simplicity, we choose p = c = 1 and q = d = 1, Eq. (4.2) becomes
u(ξ) = a1 exp(ξ) + a0 + a−1 exp(−ξ)
exp(ξ) + b0 + b−1 exp(−ξ) . (4.8)
Substituting Eq. (4.8) into Eq. (4.1), and by the help ofMaple, equating to zero the coefficients of all powers of exp(jξ), (j =
−4,−3, . . . , 3, 4) yields a set of algebraic equations for a1, a0, a−1, b0, b−1, k andw. Solving this systemof algebraic equations
by using Maple, we obtain the following results
Case A:
a0 = a1b0 − 2kb0, b−1 = 0,
a−1 = 0, w = 14
k3m+ 3l2
k
,
(4.9)
where a1, b0 are free parameters. Substituting these results into (4.8), we obtain the following exact solutions
u1(x, t) = a1 exp(kx+ ly+ mz+ wt) + a1b0 − 2kb0exp(kx+ ly+ mz+ wt) + b0 . (4.10)
If we set w = 14 k
3m+3l2
k
, Eq. (4.10) becomes
u2(x, t) = a1 − 2kb0
cosh(kx+ ly+ mz+ 14 k
3m+3l2
k
t) + sinh(kx+ ly+ mz+ 14 k
3m+3l2
k
t) + b0
, (4.11)
or
u3(x, t) = a1 − 2kb0
cos(kx+ ly+ mz+ 14 k
3m+3l2
k
t) + i sin(kx+ ly+ mz+ 14 k
3m+3l2
k
t) + b0
. (4.12)
Case B:
a1 = 4k+ a−1
b−1
, a0 = 0,
b0 = 0, w = 14
4k3m+ 3l2
k
,
(4.13)
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where a−1, b−1 are free parameters. Substituting these results into (4.8), we obtain the following exact solution
u4(x, t) =
(4k+ a−1
b−1 ) exp(kx+ ly+ mz+ wt) + a−1 exp(−(kx+ ly+ mz+ wt))
exp(kx+ ly+ mz+ wt) + b−1 exp(−(kx+ ly+ mz+ wt)) . (4.14)
If we set a−1 = b0 = 1 and w = 14 4k
3m+3l2
k
, Eq. (4.14) becomes
u5(x, t) = 1+ 2k
[
1+ tanh
(
kx+ ly+ mz+ 1
4
4k3m+ 3l2
k
t
)]
, (4.15)
or
u6(x, t) = 1+ 2k
[
1+ i tan
(
kx+ ly+ mz+ 1
4
4k3m+ 3l2
k
t
)]
, (4.16)
which are soliton and periodic solutions of potential-YSTF equation.
As mentioned above the values of c and d can be freely chosen, we set p = c = 2 and q = d = 1, then trial function, Eq.
(2.4) becomes
u(ξ) = a2 exp(2ξ) + a1 exp(ξ) + a0 + a−1 exp(−ξ)
exp(2ξ) + b1 exp(ξ) + b0 + b−1 exp(−ξ) . (4.17)
By the same manipulation as illustrated above, we obtain
a0 = 14a
2
1
(2k− a2
k2
)
, a−1 = 0, b−1 = 0,
b0 = − 14k2 a
2
1, b0 = 0, w =
1
4
4k3m+ 3l2
k
,
(4.18)
where a1 and a2 are free parameters. Substituting Eq. (4.18) into (4.17) yields the following solution
u(ξ) = a2 + 4k
2a1 exp(ξ) + 2ka21
4k2 exp(2ξ) − a21
. (4.19)
5. Conclusion
The Exp-functionmethodwas succesfully used to establish solitonary solutions and periodic solutions.Manywell known
nonlinearwave equationswere handled by thismethod to show thenewsolutions compared to the solutions obtained in [29,
30,27,41,31,28]. The performance of the Exp-function method is reliable, effective, and gives more solutions. The applied
methodwill be used in furtherworks to thoroughly establish new solutions for other kinds of nonlinear evolution equations.
Finally, it is worthwhile to mention that the proposedmethod is straightforward and concise. It is a promising and powerful
new method for other nonlinear evolution equations in mathematical physics. The availability of computer systems like
Mathematica orMaple facilitates the tedious algebraic calculations.
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